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Factorization, Effective Field Theory, and B — > D^*'X Decays 

Iain W. Stewart a * 

institute for Nuclear Theory, University of Washington, Seattle, WA 98195 

In this proceedings I review the soft-collinear effective theory (SCET), an effective theory for energetic particles. 
I also discuss factorization in exclusive and inclusive B — > D^*> X decays, and tests which can help distinguish 
whether factorization is a result of a large energy limit, the large N c limit, or a combination of the two. 



1. Introduction 

Effective field theory methods provide us with a 
useful tool for separating short and long distance 
fluctuations. Examples include the Electroweak 
Hamiltonian (separating mj iC <C mw)i Heavy 
Quark Effective Theory (separating Aqcd "C 
nib), and Chiral Perturbation Theory (separat- 
ing <§; A x ). In this talk I discuss an effec- 
tive field theory that has been developed for pro- 
cesses with energetic hadrons, referred to as the 
Soft-Collinear Effective Theory (SCET) §|,|,|, 
D (separating A QC d < Q)- 

For high energy processes the separation of long 
p ~ Aqcd and short p ~ Q distance QCD fluctua- 
tions is often referred to as factorization. Familiar 
examples include Deep Inelastic Scattering, Drell 
Yan, and exclusive form factors || . Factorization 
is also relevant to B-decays to light hadrons due 
to the large energy released. Examples of such 
processes include the decays B — > Dir, B — > 7T7t, 
B — > Ktt, B — > K*j, the large recoil region 
in B -> ttIv, B -> plv, and B -> K£+£~, 
and the endpoint spectra of the inclusive decays 
B — > X u £v and B — > X s j. In particular there 
has been much discussion of the nature of fac- 
torization for the non-leptonic decays B — > rnr 
and B — > Ktt which are relevant to measuring 
the CKM angles a and 7 0. A possible source 
of confusion is that in B-physics the word "fac- 
torization" is also used to refer to the process of 
approximating the matrix element of a four quark 
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operator by the product of two non-interacting bi- 
linear currents (the latter definition is often used 
even in cases where this is not a justified pro- 
cedure). To distinguish the two meanings I will 
refer to the latter as "4q-factorization" . 

The idea behind SCET is to provide a system- 
atic framework for studying inclusive and exclu- 
sive processes with energetic particles. This in- 
cludes the investigation of power corrections and 
parameterization of non-perturbative effects by 
matrix elements of operators. To review the sta- 
tus of SCET I have broken the discussion into sev- 
eral categories: fields and power counting, gauge 
symmetries, spin symmetries, reparameterization 
invariance, Sudakov logarithms, and factoriza- 
tion. As an application I discuss the proof of 
factorization for B — ► Dtt, B — > D*ir, B — > Dp, 
B — > D*p, and similar decays in the large en- 
ergy limit Q = {m b ,m c ,m b - m c } > Aqcd- In 
this case the separation of short and long dis- 
tance scales leads to a type of 4q-factorization 
which has well defined scheme and scale depen- 
dence. I also discuss how the large N c limit leads 
to 4q-factorization, and what measurements can 
be used to distinguish the importance of these 
two limits of QCD for B -> D&X decays. 

2. Soft-Collinear Effective Theory 

In this section I give a brief overview of some 
of the important features of SCET. For further 
details on the effective theory I refer the reader 
to the literature |g|,|§. 

• Fields and Power Counting. The effective 
theory is derived from QCD by integrating out 
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Table 1 

Power counting for momenta, SCET fields, label operators (V,V^, T" 1 ) and Wilson lines (W, S n , Y n ). 



Type 


Momenta (+, — , _L) 


Field Scaling 


Operators 


collincar 


p"~(A a ,l,A) 


£ro,p ^ A 


P, W„ - A u 






(Ai,p> Ai,p> ^n,p) ~ (A jl)A) 


Vl ~ A 


soft 


p M ~ (A, A, A) 




Sn ~ A 








7>" - A 


usoft 


W ~ (A 2 , A 2 , A 2 ) 


Qus ~ A 3 


F„~A U 






~ A 





fluctuations with p 2 ^> Q 2 X 2 , where typically 
A = (AQ C D/Q) fc with k = 1 or k = 1/2. Long 
distance fluctuations withp 2 < Q 2 A 2 are responsi- 
ble for the infrared divergences and are described 
by effective theory fields. Typical processes in- 
volve particles with collinear momenta and either 
soft or usoft momenta. In Table [I] the scaling 
of these momenta with the expansion parameter 
A are given, together with the quark and gluon 
fields assigned to each type of fluctuation. 

The momentum scales Q, Q\, and QA 2 
can be separated by making phase redefini- 
tions to pull out the larger momenta, <t> n {x) = 
J2 p e~ lp ' x (/)n,p{x)- (An interesting alternative 
working purely in position space can be found in 
Ref. ||.) Derivatives on the new fields then give 
d^4> n ,p(x) ~ (QA 2 ) (f> n ,p(x), while larger momenta 
are picked out by introducing the label opera- 
tors H P, V 1 *, so for example P £„ iP = (n-p) £ n ,p< 

Integrating out the offshell fluctuations also 
builds up Wilson lines in effective theory oper- 
ators. These include a Wilson line W[n ■ A n ^ q ] 
which is build out of collinear gluons fields that 
are ~ A in the power counting. An example 
where this appears is the matching of full QCD 
heavy-to-light current uTb onto the SCET cur- 
rent d|, £n,p WTh v . In fact the h -A n ^ q field can 
be traded for the Wilson line since the covariant 
derivative in ■ D c = P + gn ■ A n , q = WVW^. 
Soft Wilson lines S n [n ■ A s ] are also built up by 
integrating out offshell fluctuations (J] . 

A gauge invariant power counting for fields can 
be fixed by demanding that the kinetic terms in 
the action are order A |l],^] . The power counting 
for an arbitrary diagram, A A , can then be deter- 



mined entirely from its operators using [|10| 

s = 4+j2(k-mv h c +v h s +v k sc ]+(k-m u ■ 

k 

C S SC U h 

Here V k ' ' ' count the number of order A 
operators which have collinear fields, soft fields, 
both, or neither respectively. Since V ~ A in the 
power counting the Wilson coefficients C(P) are 
arbitrary functions of this operator ||, and can 
be determined by matching. More generally we 
have functions C(oJi) JTj 5{uJi — P) where the delta 
functions are inserted inside collinear operators in 
the most general locations allowed by gauge and 
reparameterization invariance. 

• Gauge Symmetries: The structure of op- 
erators containing factors of W or S n is pro- 
tected by collinear, soft, and usoft gauge trans- 
formations . These are gauge transformations 
U(x), where d^U{x) scales like a collinear, soft, 
or usoft momentum. A simple example is the 
leading order heavy-to-light current with an usoft 
heavy quark h v , 

Jo = a{r)^pWT t h v . (i) 

Under an usoft gauge transformation U u , all 
the fields transform and we have Jo — > 
Ci(P) ln..pU\U u WUlY l \J u h v = J . Under 
a collinear gauge transformation U c the field 
h v does not transform and we have Jo — > 
d(P) Cn.pfJj U c WTi h v = J . Since P does not 
commute with U c the function Ci(P) can only 
act on the product £, n ,pW. Another example of 
a gauge invariant operator is the leading order 
collinear quark Lagrangian 

A) - Uy U ■ i£>+i#_L-i#H | £ n , p , (2) 
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Figure 1. Tree level matching for the leading 
order heavy-to-light current. The gluon fields 
shown here are n ■ A n ^ q which are order A . 



where n ■ D — in ■ d + gn ■ A us + gn ■ A n ^ q con- 
tains both usoft and collinear gauge fields, while 



iD^ = + gA^% and in ■ D c 



V + gn 



A n ^ q are purely collinear. For the explicit form 
of the leading order gluon action we refer the 
reader to Ref. Q. For higher order terms in 
the collinear quark action we refer the reader 
to Refs. pHp!^ , p3| , and for terms in the mixed 
collinear-usoft quark action to Ref. || 

• Reparamcterization Invariance: In the heavy 
quark effective theory Lorentz invariance is bro- 
ken by the velocity vector i/ 1 , with v 2 = 1, which 
labels the fields, h v . However this symmetry is re- 
stored order by order in the power counting by a 
reparameterization invariance (RPI) under small 
changes in [Q. A similar situation arises in 
SCET where collinear fields are defined by intro- 
ducing two auxiliary light-like vectors, n and n, 
such that n ■ n = 2. For SCET the study of RPI 
was initiated in Ref. jll| and generalized to the 
three most general classes of allowed transforma- 
tions in Ref. 



(I) 
(III) 



n. 



(II) 



where a ~ A°, e ~ A , and A ~ A. The trans- 
formations (I, II, III) constrain the allowed form 
of collinear operators both within and between 
different orders in A. For instance they rule out 
additional operators such as jl2|] 



£,n,p' |^ 



D. 



in-D r cf * 



J 2 ' f 



(3) 



in the Lagrangian in Eq. (|2|), and fix the value 
of certain Wilson coefficients in subleading terms 
in the collinear quark Lagrangians fln|jl2| . The 
type-I transformations relate the Wilson coeffi- 
cients Bi of the 0(A) suppressed heavy-to-light 
currents Jll| 

Jia = Biffi^pptW^TiK, (4) 

to the coefficients Ct(P) of the leading currents. 
However, there are a set of 0(A) suppressed 
heavy-to-light currents derived in Ref. |10|,p[ 



Jit 



E t {P)U P >T l i$W 



i i 

raj 2 



-h, v 



(5) 



whose Wilson coefficients are not related to the 
Ci{V) under type I RPI transformations. The set 
of heavy-to-light currents up to order A 2 which 
have non-zero tree level matching have been de- 
rived in Ref. ||. 

• Spin Symmetries: The spinors associated 
with collinear light quarks or (u)soft heavy quarks 
have only two components. When 4-component 
Dirac spinors are used this is embodied in the 
projector relations P n £n = £n and P v h v — h v , 
where P n — -rjurjij^ and P v = (1 + ^)/2. For heavy 
quarks P v projects out the anti-particle compo- 
nents and the leading Lagrangian for the quarks, 
C-h = h v iv-Dh v has an SU(2) spin-symmetry [fl5| . 
For collinear quarks the projector P n eliminates 
the two components of the spinor corresponding 
to motion in the direction opposite to n^. If the 
four component spinor is written 



er P 





f I > 








, o , 


or ( 


J 



then for motion in the z direction the spinors 
u n = (<P ( P^c r 3)/v / 2 are kept and the spinors 
u\ — (ip^ —t^Gs)/y/2 are eliminated. The lead- 
ing order Lagrangian is shown in Eq. (Q) and 
still has both particles and antiparticles. It 
also has a helicity spin-symmetry with genera- 
tor h = ie^" [7^,7^/4. In Refs. |6@ the sim- 
pler Lagrangian £leet = £,n($/2)in ■ D £ n was 
discussed and observed to have a larger SU(2) 
spin-symmetry. Unfortunately, this Lagrangian 
does not correctly describe the dynamics of fast 
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moving particles. For the correct Lagrangian in 
Eq. (||) the 7^7^ structure in the second term 
leaves only the helicity generator of the SU(2) 
unbroken |3Jl9| . This becomes obvious when we 
write Eq. (|2j) in terms of a two-component field 
fn,p (whose spinors are the two <^'s) 



Co = 



<A n - iD+iD ^D c 

x(fi/ + ^ <73 )}^«.J" 



(G) 



jLV 



where g±, = <? M „ — n^n 1 ' /2 — n fJ, n lJ /2 and 2e 

The reduction in spin structures for the heavy 
and collinear fields have observable consequences. 
In particular for the heavy-to-light currents Jo 
only four spin structures I\ are allowed (which 
can be chosen as 1, 75, and 7^) This re- 
duces the number of soft form factors for B 
decays to a pseudoscalar meson from three to 
one (/+,/o;/t — * C)j an d the number for B 
decays to a vector meson from seven to two 
(A), 1,2, 7i.2,3, V — > C-LjCll)- These soft form factor 
relations are identical to those derived in Ref. Jl7| 
using £leet, despite the fact that SCET does not 
have the SU(2) spin-symmetry. This is because 
the relations are a consequence of projecting out 
the suppressed u ft components rather than from 
a residual spin-symmetry in SCET. Hard contri- 
butions which violate these form factor relations 
were derived in Ref. [pTs| . 

• Sudakov Logarithms: The SCET can be used 
to sum double Sudakov logarithms pj|. For the 
inclusive decay B — > X s ^ in the endpoint re- 
gion tub — E 7 /2 ^Aqcd the scales are Q = nib, 
QX = ^mfjAQCD, and QX 2 = A QC d- The loga- 
rithms can be summed in two steps by i) running 
in SCET from Q to QX, ii) running in a purely 
usoft theory from QX to a scale of order QX 2 0]. 
For B — ► X s 7 this usoft theory is just like HQET 
with additional non-local operators. Since (QX) 2 
is the offshellness of the collinear particles and 
the interactions factor (|(],|| these fields are inte- 
grated out before the second stage of running. In 
the first stage of running the generic LO anoma- 
lous dimension for double logarithms looks like Q 

M^-C(M,P) = aa s (/x)ln(^)c(M,P), (7) 



where a is a number. The solution exponentiates 
due to the homogeneous nature of the renormal- 
ization group equation. For this stage the run- 
ning for B — > X s j and B — > X u lv differs. In the 
second stage of running the operators obtained by 
integrating out the collinear fields are 0(y) where 
the coordinate y is related to the dynamic nature 
of the matching scale. The anomalous dimension 
for their Wilson coefficients have the structure Q 

^ i 'd~ c ^ y, ^ = J d y 7(y>v if^civ ( 8 ) 

With a proper choice of matching scales the run- 
ning for B — > X s -f and B — > X u lv is the same for 
this second stage. A similar procedure has been 
applied to sum logarithms in the Upsilon decays 
T — » X7 in the color octet channel pi] , 

• Factorization: In general proofs of factoriza- 
tion are simplified in the effective theory by the 
nature of the operator formulation, which makes 
the steps explicitly gauge invariant, and handles 
many classes of diagrams simultaneously. The 
factorization between hard and collinear fluctu- 
ations or soft and collinear fluctuations is simpli- 
fied by the fact that it takes place at the match- 
ing level, and is constrained by SCET symme- 
tries. The factorization between collinear and 
usoft interactions occurs in the leading effective 
Lagrangian and is simplified by the fact that cer- 
tain cancellations are therefore universal. For in- 
stance, at lowest order the actions for usoft and 
collinear particles can be factorized by a sim- 
ple field redefinition on the collinear fields 

£n,p — ^n^n.p and j4 n ,p = Y n A n ^p 1 ., 

Y n = Pcxp[ig J_ dsn- A us (sn)]. This transfor- 
mation moves all leading order usoft interactions 
out of the collinear Lagrangian Cc and into the 
external operators and currents, after which can- 
cellations due to the identity Y r \Y n — 1 for the 
usoft Wilson line, are more readily seen . 

3. B — > Dir factorization for Q ^> Aqcd 

For decays like B — > Dir the energy of the out- 
going meson in the rest frame of the B is large. 
It is therefore useful to consider this decay in the 
large Q limit where Q — m&, m c , or E v . In this 
limit, SCET has been used to prove the following 



°' Yj , where 
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Figure 2. How the factorization of interactions 
occurs in B — > £>7r. Gluons with a line through 
them are collinear, while those without are soft 
or usoft. 



factorization theorem 
(Dn\H w \B) 

=Ne w (w ) 



(9) 



dy T(y,Q) <t>n{y) 



where the ellipses denote terms that van- 
ish as a higher power as (Aqcd/Q) — ► 0. 
Here the electroweak Hamiltonian is Hyy = 
CiOi + C 8 O s , where O x = d L j^u L c L 'y l j,b L 
and 8 = d L T A ^u L c L T A ltl b L . Eq. (g) was 
proposed in Ref. |22]| , proven to two- loops in 
Rcf. |2S]| , and proven to all orders in a s in 
Ref. g]7 The idea behind the proof is shown 
in Fig. 0. Integrating out offshcll fluctua- 
tions gives rise to SCET operators Q{o.s} = 

©wc ,8(P±)r/{i s T A }wt € W][ftW lS {i ) , T ^} 

^/ l S''''/li ^ '' , ]. The matrix element factors at low- 
est order because it is possible to isolate all 
soft gluons in the (cb) bilinear and collinear 
gluons in the (du) bilinear and use the fact 
that the pion state is purely collinear and the 
B and D are purely soft. Soft gluons are ex- 
changed between quarks in the B and D, and 
the matrix element (D^\h v Thh v \B) gives the 
Isgur-Wise function £ IW in Eq. (g). Collinear 
gluons build up the pion state and the ma- 
trix element (n\£ n WS(uj - P + )T e W^ n \0) gives 
rise to ^> v (x). Finally the hard kernel is re- 
lated to the Wilson coefficients Co(P+,V-) by 
T(y) = C ((4y-2)E w ,2E 7r ). 

The large Q factorization theorem applies to 
all decays that have contributions from the tree 



topology in Fig. || and are similar kinematically 
to B — > Dir. The list therefore includes B° — > 
D + ir~ and B~ — > D°n~. It also includes the 
analogous B — > D*n, B — > Dp, and B — > D* p 
modes. For the B° decays the predictions agree 
well with factorization. However the predictions 
for B~ decays receive large corrections. Using the 
recent CLEO measurements [M gives 



R = 



Br(B- -► L>°7r-) 
Br(B° -> D+n-) 



= 1.85 ±0.13, 



(10) 



which corresponds to 30-40% corrections for the 
B~ matrix elements to the Q — > oo prediction of 
R ~ 1. In addition using the Br(B° -» D°tt°) 
one can extract a non-zero strong phase differ- 
ence between isospin amplitudes for the B — > Dir 
modes |§], A8 ~ 27±7°. Both of these effects are 
numerically of the size of Aqcd fm c corrections to 
Eq. (^|). A parameterization of l/m c corrections 
is possible using SCET, however they have not 
yet been worked out. 

4. Large Q or Large iV c in B — ► D^X 

Taking the large N c limit of non-lcptonic 
matrix elements of four quark operators such 
as those in Hw also leads to a type of 4q- 
factorization, but without calculable perturbative 
corrections. In the large N c limit the predictions 
for a transition B — ► D^X take the form 

{XD^\{cb) v _ A {du)v-A\B) (11) 
= ^ (D^X'\(cb) v . A \B)(X"\(du) v ^ A \0), 

X',X" 

where X = X' + X" . For B ^ Dir decays 
the leading order predictions from large N c are 
numerically quite similar to those from large Q, 
however there are many decays where this is not 
the case. For instance, as the invariant mass 
of the light meson state, mj, increases large 
Q factorization is expected to break down, un- 
like large iV c 4q- factorization Jl(|. In Ref. |26j 
it was pointed out that the m 2 x spectrum in 
B° -> D*ujit- and B° -> D*°ir + ir + ir-ir~ can be 
used to test 4q-factorization and the data agrees 



well out to 



x 



This test relies on numer- 



ically small contributions from terms in Eq. ( |ll| ) 
with X 1 7^ 0. In Rcf. |27 it was pointed out that 
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dN/dx 

8000 r 



6000- 



B^D*°X U 




Figure 3. A measurement of the inclusive m x 
spectrum for B — > D*°X U will give a direct han- 
dle on the region of validity of 4q-factorization. 
Here x = \pd\ and so large x is small m 2 x . The 
solid curve shows the prediction made using the 
combined large N c and SV limits and boosted 
to the rest frame of the Upsilon(4S) (dashed is 
unboosted) p^ . The three data points from 
CLEO (29) are shown that are not contaminated 
by charmed states in X u . 



this could be remedied by taking the combined 
large iV c and SV |g8| (m b > m b - m c > A QC d) 
limits, where SV suppresses the X' contribu- 
tions. An additional test involving the inclusive 
m\ spectrum for B — > D*°X U was then pro- 
posed as shown in Fig. A measurement of 
the full spectrum would test factorization all the 
way out to m\ ~ lOGeV 2 . Additional tests of 
4q-factorization are also possible using exclusive 
Here 4q-factorization predicts 



final states 27 



testable relations among isospin amplitudes in the 
large N c limit even for X' ^ 0. For B -> DX U 
decays the four possible isospin amplitude are 
predicted in terms of two factorized matrix ele- 
ments, while for B — > DDX there are two non- 
trivial relations among the seven isospin ampli- 
tudes. For these tests examples of relevant de- 
cay modes include B -> ZK*W, B -> D^KK, 
B -> DWdWJT, etc. Further details may be 
found in Ref. |§7). 

I would like to thank C. Bauer, B. Grinstein, 
and D. Pirjol for collaboration on results pre- 
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